Historical context
Definition 1. [6] . For a sheaf S on a topological space (X, T ), an assignment is an element a ∈ U ∈T S(U ). When for each open U ∈ T , S(U ) is a pseudometric space with pseudometric d U , the set of assignments has the assignment pseudometric given by
For an assignment a to a sheaf S, each value
where U ⊆ V ∈ T , is called a critical threshold. The consistency radius given by c S (a) = sup
The central relationship between global sections of S and assignments is captured by the following bound. Assignments thresholded to a certain level of consistency are global sections of a (different) sheaf on subdivided space [5] . While this perspective has theoretical merit, it is useful to study the extent to which assignments are consistent to a given threshold. This perspective is introduced by Praggastis in [4] , where it is shown that assignments supported on the vertices of an abstract simplicial complex yield a cover of that simplicial complex when they are thresholded to a certain level of consistency. We take a parallel approach in this document, but instead consider assignments supported on the entire space. The most prominent difference is in the definition of maximal consistent cover (Definition 12 and Lemma 5), which is analogous to the cover constructed in [4] , but our cover is only over a subspace and is generally finer.
Proposition 2.
The consistency radius is a radius, rather than a diameter, because the assignment itself acts like a central point to which values propagated along the restrictions are compared. We could instead define a quantity
which is a diameter in that c S (a) ≤ d S (a) ≤ 2c S (a).
Proof. The left inequality arises simply by taking U = V 2 since S(U ⊆ U ) = id S(U ) by definition. The right inequality is a short calculation Definition 2. The category Pseud is the category of pseudometric spaces, in which objects are pseudometric spaces and the morphisms are continuous maps.
Definition 3.
The category Shv is the category of all sheaves, which each object is a sheaf on some topological space. A morphism m in this category from a sheaf P on (X, T X ) to a sheaf Q on (Y, T Y ) consists of (1) a continuous map F : (X, T X ) → (Y, T Y ) and (2) a set of maps m U , one for each U ∈ T Y , such that
The (not full) subcategory Shv(X, T ) is the category of sheaves on the topological space (X, T ) in which each object is a sheaf on (X, T ) and all morphisms are along the identity map X → X.
The (full) subcategory ShvFP is the category of sheaves of pseudometric spaces.
Definition 4. Each object of the category ShvA of sheaf assignments consists of a sheaf S and assignment a ∈ U open S(U ) to that sheaf. In this category, morphisms consist of sheaf morphisms that are compatible with the assignment, in the following way. Suppose that a is an assignment to a sheaf S on a space X and b is an assignment to a sheaf R on a space Y . A sheaf morphism m :
We will also make use of the following subcategories:
• The subcategory ShvFPA of assignments to sheaves of pseudometric spaces,
• The subcategory ShvA(X, T ) of assignments to sheaves on a fixed base space,
• The subcategory ShvPA(X, T ) of assignments to sheaves of pseudometric spaces on a fixed base space, and
• The subcategory ShvFPA(X, T ) of assignments to sheaves of pseudometric spaces on a finite fixed base space.
Proposition 3.
There is a forgetful functor ShvFPA → ShvFP, given by merely forgetting the assignment.
Proof. Observe that without the assignments, the morphisms of ShvFPA are merely sheaf morphisms.
Proposition 4.
There is a forgetful functor ShvFP → Pseud, given by replacing a sheaf by its space of assignments using the assignment pseudometric given in Definition 1.
This proposition is not true for sheaves over infinite spaces. Perhaps surprisingly, requiring compactness of the base spaces is not sufficient to resolve the difficulty because assignments can lack all internal consistency.
Proof. Sheaf morphisms were defined to support this! Specifically, suppose that m : S → R is a morphism of sheaves of pseudometric spaces along the continuous map f : (X, T X ) → (Y, T Y ) between topological spaces, so that it is a morphism in ShvFP. Define a function F m : U ∈T X S(U ) → V ∈T Y R(V ) between spaces of assignments for the two sheaves by its action on an arbitrary assignment a to
for each V ∈ T Y , which should be read as defining an assignment to R.
F m is continuous. Let > 0 and an assignment a ∈ U ∈T X be given. Observe that since each component map m V of the sheaf morphism is continous 1 for each open V ∈ T Y , there is a δ V > 0 such that for every x ∈ S(f −1 (V )) with
Since objects in ShvFP consist of sheaves over finite spaces, the infimum This defines a functor. Let n : R → P be another morphism in ShvFP, this one along a continuous map g :
Proposition 5. In ShvA, any morphism whose domain (S, a) is a global section of a sheaf will have a global section as its codomain.
Proof. This follows immediately from the fact that images of global sections through sheaf morphisms are global sections.
Global sections are sometimes -but not always -isomorphic objects in ShvFPA as the following example shows. Proposition 6. For any topological space (X, T ), each isomorphism class of ShvPA(X, T ) is a topological space in its own right, whose topology is a subspace of the product of the assignment pseudometric and copies of the topology of uniform convergence (one copy for each restriction).
Recall that the topology of uniform convergence for two pseudeometric spaces
Proof. Fix an isomorphism class of ShvPA(X, T ) by specifying a representative sheaf S of pseudometric spaces and a representative assignment a to S. Every sheaf isomorphic to S (in Shv(X, T ), not just ShvPA(X, T )!) has stalks that are isomorphic to those of S but possibly different restriction maps. Therefore, the space of assignments for every sheaf isomorphic to S is the same. Given these two facts, the sheaves isomorphic to S are parameterized by appropriate choices of restriction maps from the product
in which each factor is given the topology of uniform convergence.
Thus the isomorphism class of (S, a) in ShvPA(X, T ) is merely a subset of the product
in which the second factor in the product has the topology induced by the assignment pseudometric. Corollary 1. For any topological space (X, T ), ShvPA(X, T ) can be made into topological space by simply taking the disjoint union of all the isomorphism classes.
Observe that each isomorphism class is ShvPA(X, T ) is actually a closed subspace of the product
because the commutativity and gluing axioms will prohibit many choices of restriction maps. This means that the topology of ShvPA(X, T ) will likely be quite complicated.
Theorem 1. Consistency radius is a continuous function
This function is continuous in the assignment metric for assignments to a single sheaf [6] . It is also (new) continuous in the compact open topology for sheaves for a fixed assignment. Finiteness of T is not essential, but makes for considerably less delicate argumentation.
Proof. Without loss of generality, we restrict attention to an isomorphism class of ShvPA(X, T ). From the proof of Proposition 6, the elements of this isomorphism class are a subspace of
Before we proceed with the main argument, suppose that a is an assignment to a sheaf S, that R is a sheaf isomorphic to S, and that b is an assignment to R. Recalling that
for any norm · , we have that
Returning to the task at hand, suppose that a is an assignment to a sheaf S and > 0 is given. We show that there is an open set Q ⊆ ShvFPA(X, T ) containing (S, a) whose consistency radii all lie in the interval (c S (a)− , c S (a)+ ) ⊆ R. To this end, we construct Q as the intersection of three open subsets
The set Q i consists of the (R, b) for which the i-th term in the last expression above is bounded by /3, as follows:
• The first term merely requires that the distance from a to b in the assignment metric be not more than /3; hence b lies in an open subset of the space of assignments
• Since the restriction maps of S are continuous, bounding the second term by /3 requires that b lie within the intersection of finitely many open sets in the space of assignments All of these need to be intersected in the space of assignments for the factor corresponding to the stalk S(V ).)
• Bounding the last term above by /3 requires that R(U ⊆ V ) lies in an open set in the topology of uniform convergence
Remark 1. Consistency radius factors into two continuous maps,
in which n is the number of open set inclusions U ⊆ V in the topology T , the second map is the infinity norm N (v) = v ∞ and the first is given by
Because of the equivalence of topologies of all finite-dimensional normed spaces, consistency radius is still continuous if we instead were to define the consistency radius using another norm as the second map N . Of particular interest is the 2-norm, resulting in a different definition for the consistency radius
Proving bounds (such as appear in the proofs of Theorem 1, Lemma 4, and Theorem 3) with this definition is somewhat more cumbersome, but it preserves the smooth structure if the sheaves take values in the category of Riemannian manifolds.
Remark 2. In principle, we can compute level-set persistent homology of ShvFPA(X, T ) → R using consistency radius as the height function. The problem is that this is going to be pretty complicated since ShvFPA(X, T ) is a pretty crazy topological space. I'm not sure exactly what this means, since it's quantified over all sheaves and assignments. Likely the consistency radius is a Morse function under certain constraints on the sheaves, and if we use the consistency radius formula in (1) instead of the version using the infinity norm.
Inconsistency
Definition 5. Suppose that a is an assignment to a sheaf S of pseudometric spaces on a finite space. The inconsistency I S,a (U ) of an open set U is 
Thus the inconsistency is an inner measure on the base space of the sheaf.
Proof. The first two statements are obvious from the definition. The third statement follows by inspecting the indexing on the sum:
• Accounting for the I S,a (U ) + I S,a (U ) terms: if
• Accounting for the −I S,a (U ∩U ) term: if
• On the other hand, the sum may involve
which means that the inconsistency on U ∪ U might be larger than on either U or U .
Coarsening filtrations
A topological space with a filtration on covers... This is also a sequence of spaces
It is worth noting that the homomorphism -as usually defined (see for instance [3] ) -uses a refinment map τ : V → U for which V ⊆ τ (V ) for all V ∈ V. The homomorphism onČech cohomology apparently depends on such a τ , but in fact the homomorphism is indepedent of the refinement map. Definition 6. Each object of the category CTop of partially covered topological spaces is a triple (X, T , U), where (X, T ) is a topological space and U ⊆ T is a
Lemma 2. Suppose that V is a collection of open sets in a topological space (X, T ) and U is a collection of open sets in a topological space (Y, S).
Thus,Čech cohomology is a contravariant functor from CTop to the category of abelian groups.
Proof. Since U contains open sets and f is continuous, then
is a collection of open sets in X. Thus there is a chain mapČ
Observe that V refines f −1 (U) by assumption, so Lemma 1 means that the desired homomorphism is the compositioň
Definition 7. The category of coarsening filtrations SCTop describes a collection of refinements of partial covers on fixed topological spaces. Each object is a triple (X, T , V) where (X, T ) is a topological space and V is a function
for which V(t) is a collection of open sets in (X, T ) for all t and V(t) refines
in SCTop consists of an order preserving function φ : R → R and a family of continuous functions
Proposition 8. SCTop is a full subcategory of the category of sheaves of CTop on the Alexandrov space (R, ≤).
Proof. Given an object (X, T , V) of SCTop, define a sheaf S by its stalks
for each t ∈ R (the smallest open set containing t in the Alexandrov topology for (R, ≤) is [t, ∞)) and restrictions
for each t ≤ t . The restrictions are morphisms in CTop because V(t) refines V(t ). Suppose that φ : R → R is an order preserving map and that t ≤ t . Since order preserving maps are continuous in the Alexandrov topology, this means that φ −1 ([t, ∞)) is an Alexandrov-open set of the form
Additionally, if t ≤ t this implies that inf φ −1 (t) ≤ inf φ −1 (t ). Thus any morphism between any two such sheaves along an order preserving map φ :
where m t and m t are morphisms in CTop. Morphisms in CTop consist of continuous maps
t (U ) and
This is precisely what is required to define a morphism in SCTop.
Note that our definition of the morphisms in
and f E,t≤t = id E(t) .
Each morphism E → F of PMod is an order preserving map φ : R → R and a choice of a set of maps g t : E(inf φ −1 (t)) → F(t) such that the following diagram commutes
Given this algebraic structure, a compatible geometric structure is given by interleaving. For our purposes, we use a definition that is consistent with the definition of δ-matchings in [1] and (τ, σ)-interleavings in [2, Def. 2.13].
Definition 9. A pair of morphisms f t : (X, T , V) → (Y, S, U), g t : (Y, S, U) → (X, T , V) along φ, ψ (respectively) in SCTop is an -interleaving if each of the following hold for all t:
−1 (t)) refines V(t), and
An -interleaving between two morphisms f t : E → F, g t : E → F along φ, ψ (respectively) in PMod may be defined in exactly the same way. The same definition works for objects in PMod, mutatis mutandis.
Proposition 9. PersistentČech cohomology is a contravariant functor P H :
Proof. If t < t , a morphism (X, T , V) → (Y, S, U) in SCTop along an order preserving φ and a family of continuous functions f t : (X, T ) → (Y, S) induces the following commutative diagram onČech cohomologieš
in which the horizontal homomorphisms arise from Lemma 1 and the vertical homomorphisms arise from Lemma 2. Each row can be interpreted as a persistence module and the vertical maps are morphisms in PMod completing the argument.
An immediate consequence of [2, Prop. 4.8] is that if two persistence modules are -interleaved (in the sense of Definition 9), then the bottleneck distance between them is bounded above by . Taken with the proof of Proposition 9, this implies the next statement.
Corollary 2. An -interleaving between objects in SCTop, induces an -interleaving between their persistentČech cohomologies, so the bottleneck distance between their persistence diagrams is bounded above by .
Consistency radius on subspaces
Proposition 10. If a is an assignment to a sheaf S of pseudometrics on a topological space (X, T ), and U ∈ T is open, then the consistency radius restricted to U is
where i : U → X is the inclusion.
Proof. The left side is by definition
Once we notice that i −1 (V ) = V for each open V ⊆ U , the result follows from three facts about pullbacks:
is the identity map. Proof. This follows from the fact that the supremum in the expression for c S (a, V ) is over a strictly larger set than the supremum in the expression for c S (a, U ).
Corollary 3.
If a is an assignment to a sheaf S of pseudometric spaces and U, V are open subsets of the base space, then
Caution: Corollary 3 does not ensure equality since a(U ∪ V ) has no particular relationship to a(U ) or to a(V ).
Corollary 4.
For an assignment a to a sheaf S of pseudometric spaces, the mean (or max, min, or any monotonic function of ) consistency radius of a collection of open sets is monotonic with refinement. That is, if U, V are collections of open sets in the base space of S and U is a refinement of V, then the mean consistency radius for U will be less than the mean consistency radius for V.
Lemma 3 and its Corollaries indicate that the notion of consistency radius can be extended to an assignment that is only partially specified.
Definition 11. If U ⊆ T is a collection of open sets for a topological space (X, T ) and S is a sheaf of pseudometrics on (X, T ), then an assignment supported on U is an element of U ∈U S(U ). The consistency radius of an assignment a supported on U is written c S (a, U), and is the infimum of all consistency radii of assignments b that restrict to a, namely
We say that each such assignment b extends a.
While this definition ensures that
the reader is warned that if an assignment a is supported on a collection U = {U } consisting of a single open set, then c S (a) and c S (a, U ) are both meaningless if the base space topology T is not trivial. Nevertheless, the following Proposition is true.
Proposition 11. If a is an assignment to a sheaf S on a topological space (X, T ) and U ∈ T , then
Thus c S (a, U ) is a lower bound for the consistency radius of any extension b of a. Since c S (a, T ∩ U ) is the greatest lower bound of these, the result follows.
A nonzero consistency radius for an assignment that is supported on U rather than the entire space is thus still the obstruction to extending that assignment to a global section. It is for this reason that we need only consider assignments supported on the entire topology. If we are given an assignment not supported on a given open set, a value can be supplied that minimizes the overall consistency radius. Consistency is not assured over the entire base space by this process, so only a subspace will typically be covered by sets whose consistency radius is small. The extent to which consistency is obtained is formalized by the following definition.
Definition 12. Let a be an assignment to a sheaf S of pseudometric spaces on (X, T ). A collection of open sets U is an -consistent collection if for every U ∈ U, either the consistency radius on U is less than c S (a, U ) < .
Generally, -consistent collections only cover part of the base space.
Example 2. Consider the topological space (X, T ) for the finite set X = {A, B, C} in which T = {∅, {A}, {A, B}, {A, C}, {A, B, C}}. We can define a sheaf S on (X, T ) according to By inspection (or a short application of the simplex algorithm), we find that y = 1/2 and rx = 1/3. Thus the critical thresholds are independent of r (and hence really only depend on the sheaf on the partial order rather than the topological space) and are given by c S (a, U) = min x,y∈R max{1/2, 1/2, 1/6, 2/3, 2/3} = 2/3.
The consistency radius on each open set is shown in the left frame of Figure 2 . Although there is an 2/3-consistent collection that contains X, it happens that X is covered by a 1/2-consistent collection, namely U itself. If < 1/2, X the only consistent open set is {A}, which clearly does not cover X. 
Proof. This is merely calculation:
Consistency filtrations
Given an assignment to a sheaf of pseudometric spaces, there can be many possible -consistent collections. Of these, there is a distinguished -consistent collection that consists of open sets that are as large as possible.
Lemma 5. For every > 0 and every assignment a to a sheaf S of pseudometric spaces on a finite space, there is a unique -consistent collection M S,a ( ) such that every other -consistent collection is a refinement of M S,a ( ).
This Lemma is not the same as the Theorem in [4] , where an assignment is made only to vertices on an abstract simplicial complex. Observe that the threshold essentially runs between 0 and the consistency radius of the assignment.
Example 3. The consistency filtration for the assignment in Example 2 (after extending to an assignment supported on T ) is given in Figure 2 . On the left frame of Figure 2 the ranges of for which each open set is -consistent. The frame on the right of Figure 2 shows the consistency filtration, namely the coarsest -consistent collections. Observe that this is an element of SCTop because {{A}} refines {{A, B}, {A, C}} which refines {{A, B, C}}.
This particular example has rather uninteresting persistentČech cohomology, sinceȞ 0 ∼ = R andȞ 1 = 0 for all thresholds.
Theorem 2. Consider ShvFPA L , the subcategory of ShvFPA consisting of sheaf morphisms along homeomorphisms whose component maps are Lipschitz. Consistency filtration is a covariant functor ShvFPA L → SCTop.
Proof. First, we show that CF(S, a) is a coarsening filtration. To this end, we need only observe that M S,a (t) is a refinement of M S,a (t ) if t < t by Lemma 3. Suppose m : (S, a) → (R, b) is a morphism in ShvFPA along the continuous map f : (X, T X ) → (Y, T Y ). Since we assumed all component maps are Lipschitz and the topologies are finite, we may assume that the maximum Lipschitz constant of any component map is K. Define
which is evidently order-preserving.
We need to argue that M S,a (inf
, which means that c S (a, V ) < inf φ −1 (t) = t/K. (If K < 1, the bound is evidently t. For brevity we assume K ≥ 1 in what follows.) But, due to the maximality of M S,a (inf φ −1 (t)), any open set containing V will have consistency radius larger than t/K. Since star
) is an open set containing V , which means that
Because any T Y -open set containing f (V ) will contain star f (V ), this inequality means that f (V ) being contained in some U ∈ M R,b (t) implies that V ⊆ f −1 (U ). Using the assumption that f is a homeomorphism and that the Lipschitz constants of the component maps are less than or equal to 1, Lemma 4 implies
By the maximality of M R,b (t), this means that there is an open U ∈ M R,b (t) that contains f (V ).
Remark 3. CF is not a faithful functor. Global sections of a sheaf S may not be isomorphic objects in ShvFPA, as Example 1 shows, but they all have exactly the same consistency filtration.
Theorem 3. Within each isomorphism class of ShvFPA(X, T ), CF is a continuous function to SCTop under the interleaving distance.
Using Corollary 2, this means that the transformation of isomorphism classes of ShvFPA(X, T ) to persistence diagrams ofČech cohomology is continuous.
Proof. Let > 0 and (S, a) ∈ ShvFPA(X, T ) be given. We aim to show that there is an open neighborhood Q ⊆ ShvFPA(X, T ) containing (S, a) such that the consistency filtration of any (R, b) ∈ Q is -interleaved with the consistency filtration of (S, a).
Let U ∈ T be an arbitrary open set. Since c S (a, U ) = c i * U S (i * U a), this means that the consistency radius restricted to U is a continuous function ShvFPA(U, T ∩U ) → R, where T ∩U is the subspace topology of U . This means that there is an open Q U ⊆ ShvFPA(U, T ∩ U ) containing (S, a) such that for every (R, b) ∈ Q U , it follows that |c R (b, U ) − c S (a, U )| < . This inequality still holds upon extending Q U to an open neighborhood Q U in ShvFPA(X, T ) We now show that CF(S, a) and CF(R, b) are -interleaved for any (R, b) ∈ Q. Specifically, we construct morphisms f : CF(S, a) → CF(R, b) along the monotonic function φ and g : CF(R, b) → CF(S, a) along ψ in SCTop that are each others' inverses and |φ(t) − t| ≤ and |ψ(t) − t| ≤ . This is easily done; let φ(t) = ψ(t) = t + , and f t = g t = id X for all t ∈ R. Without loss of generality, it remains to show that these are actually morphisms in SCTop, namely that
This means that because (
which implies that U is an element (or a subset of some element) of M R,b (t).
Example 4. Consider a subset of N points X = {x 1 , . . . , x N } ⊆ R M in Mdimensional Euclidean space. We can realize X as a partial assignment x to the constant sheaf K of R M on a topological space built from a single simplex. To this end, let Y = 2 X be the power set of X, which is also an abstract simplicial complex. Given the partial order by inclusion ⊆ on Y , form the Alexandrov topology T on Y . Specifically, each set that is a star over
and let every restriction map be the identity map. Let the assignment x be supported on vertices (only), with
Selecting the extension a of x that minimizes consistency radius,
yields an assignment whose value on any T -open set V is the circumcenter of that set of points in X contained in V . This is because the extension a minimizes a(star {x 1 , . . . , x k }) − x i for all i = 1, . . . , k. Given this observation, a set U = star {x 1 , . . .
of radius balls centered at each point is nonempty. A maximal -consistent collection M K,a ( ) has cohomology isomorphic to the simplicial cohomology of the the radius Č ech complex C (X) of the point cloud, namely
Thus theČech cohomology of the consistency filtration is isomorphic to the persistentČech cohomology of the point cloud.
Consistent partitions
Given an assignment a to a sheaf S of pseudometric spaces on (X, T ), we can ask for a partition X = X k such that a is -consistent on each X k . Since X k will in general not be open, we must use the pullback along the inclusion i k : X k → X to compute consistency radius as in Proposition 10.
Definition 14. An -consistent partition for an assignment a to a sheaf S of pseudometric spaces on (X, T ), consists of a partition
such that c i * k S (i * k a) < for every k. Maximal -consistent partitions might not be unique, though, which is their main drawback compared to -consistent covers. given by the diagram on the left below and the assignment on the right below. Even though they aren't unique, the value of consistent partitions over open covers is that they make somewhat finer distinctions as the next Example shows. This distinction is especially important for cellular sheaves, since the cells are both the points in the space and the base for the topology. For a given sheaf, it is inconvenient to compute spaces of sections over the unions over stars of cells. 
Sheaves on partial orders
Much of the subtlety of the examples in this document arises from the fact that the value of an assignment on two open sets has no relationship to the value on their union. While this is not a problem in principle, it presents a practical issue since sheaves on partial orders are generally most common in applications. Sheaves on finite partial orders are convenient to specify since they merely record the stalks and restrictions on stars over points and have no requirement aside from commutativity of the resulting diagram. In particular, the gluing axiom is satisfied implicitly since the spaces of sections over unions of stars are not explicitly specified. Practically, this means that a typical assignment for a sheaf on a partial order will be supported on the stars only. As Example 2 and 5 both show, the consistency radius for this kind of assignment may be strictly larger than the supremum of restrictions between stars. To mitigate this difficulty, we define the star consistency radius for an open set. Proof. Evidently the first quantity taken in the maximum (for the definition of star consistency radius) is less than the consistency radius since the consistency radius takes the supremum over a larger set. The result follows from Proposition 2 since the second quantity is a lower bound on the consistency diameter.
Without the second quantity in the maximum for the definition of star consistency the Lemma 6, the Lemma is clearly still true, but the bound is less tight.
Corollary 5.
If U is an -consistent collection, then it is a -star consistent collection as well.
Restricting our attention to sheaves on Alexandrov spaces and assignments supported on the set of all stars (and making appropriate changes to the arguments) does not impact the validity of essentially all of the results (Theorem 1, Lemma 3, Corollary 3, Corollary 4, Proposition 11, Lemma 4, Theorem 2, and Theorem 3) obtained earlier in this document, though the proofs are somewhat more tedious.
Finally, we note that the computation of maximal -star consistent partitions can be computed using graph coloring. Specifically, if a is an assignment supported on the stars of a sheaf S of pseudometric spaces on a finite space (X, T ) and > 0, we construct a graph G whose vertices are the points of X and an edge exists between two points x and y whenever x ∈ star y and d star x (S(star x ⊆ star y)a(star y), a(star x)) ≥ or y ∈ star x and d star y (S(star y ⊆ star x)a(star x), a(star y)) ≥ .
or z ∈ star x∩star y and d star z (S(star z ⊆ star x)a(star x), S(star z ⊆ star y)a(star y)) ≥ 2 .
If either of these occurs, x and y cannot appear in the same set in the partition. Thus a star consistent partition arises by coloring the graph G. We can obtain an -star consistent collection by taking interiors. It should be noted that this may not be maximal because of the non-uniqueness of the partition.
